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Abstract 

In this paper is described the realization of an idea 
due to J. W. M. Dumond who, almost 50 years ago, 
suggested that Bragg diffraction peaks might be made 
narrower by multiple reflection [Dumond (1937). 
Phys. Rev. 52, 872-883]. The optical elements which 
result belong to a family of harmonic free mono- 
chromators, X-ray and neutron polarizers whose 
properties make feasible many new Bragg diffraction 
optical systems. 

Introduction 

Nearly fifty years ago Kirkpatrick first suggested that 
the intrinsic width of the Bragg reflection from perfect 
single crystals might be reduced by making several 
successive reflections from different crystals. Dumond 
(1937) took up the idea and investigated the 
possibilities theoretically. Although Dumond calcu- 
lated that a double Bragg reflection, successively from 
two calcite cleavage planes, could be used to reduce 
the width of the composite Bragg peak from 3½" to 
only 1¼" at 0.71/~ wavelength he stated that Bollmann, 
Bailey & Dumond (1938) found experimentally that 
the attainable narrowing was insignificant. Dumond 
(1937) approximated the shape ofthe Bragg reflection 
peak with a Lorentzian RL(y) = 1/(1 +y2), where y 
represents the angle of incidence, and went on to 
show that no useful narrowing of the Bragg peak 
could be expected. 

In this paper we show that Kirkpatrick's ideas can 
be successfully implemented with appropriate design 
and we demonstrate narrowing of the quadruply 
diffracted 422 rocking curve in silicon from 3.0" to 
only 0.8" at 1.54A wavelength. Two important 

*Present address: Departamento de Fisica, Universidade 
Federal do Parana, CX Postal 1862-8000, Curitiba PR, Brasil. 

t Present address: Director of Research & Development, Pre- 
cision Electronic Components Ltd, Toronto, Canada. 

developments have made this work possible; ideally 
perfect crystals are now commercially available and 
the concept of monolithic construction with elastic 
adjustment Okkerse (1963) has been developed to 
achieve adequate stability and control in multiple 
Bragg reflection systems. 

Theoretical and experimental background 

Zero absorption approximation 

The original Kirkpatrick-Dumond idea is indicated 
in Fig. 1. Taking two identical crystals whose reflec- 
tivities are given by 

Re(y) = R,(y) = R2(y + A0)= Ilyl _(y2_  1)1/212 ' (1) 

R(AO) = RI(y)R2(y + AO), (2) 

the double reflectivity profile [R(A0) in Fig. 1] may 
have a much lower angular spread than the Bragg 
peaks of the individual single crystals. This is the 
'offset narrowing' concept which Kirkpatrick and 
Dumond proposed. 

Dumond (1937) noted, as Fig. l shows well, that 
as the composite Bragg peak is narrowed (so that A0 
approaches 2 on the y scale) a progressively larger 
fraction of the integrated intensity resides in the tails 
of the peak. The corresponding decrease in signal-to- 
noise ratio when the narrowed peak is used as a probe 
is most unhelpful. Dumond also reported that 'Boll- 
man and Bailey have found experimentally with three 
calcite crystals reflecting Mo K radiation on their 
cleavage planes and have subsequently verified by 
graphical integration with the theoretical diffraction 
patterns of Prins that the simple application of the 
principle of displaced superposition of diffraction 
patterns is not enough to give a "tool" adequate 
satisfactorily to reveal the Prins diffraction pattern of 
a third crystal' (Bollman, Bailey & Dumond, 1938). 
At long wavelengths, spectroscopists in the 1930's 
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commonly used the approximation R£(y)= l / ( l  +y2) 
to describe the shape of the Bragg peaks from their 
monochromators. As Dumond (1937) realized, the 
composite peak R£(AO)= RL(y)RL(y +AO) is always 
broader at half of its maximum height than the 
original Lorentzian. Based on the same Lorentzian 
approximation to the Bragg peak, Dumond also con- 
cluded that although the width of the peak became 
smaller, no useful narrowing of the peak could be 
obtained by undisplaced superposition (A0--0) 
because the integrated reflection power is decreased 
more rapidly than the width. 

These gloomy conclusions remained unchallenged 
until now. It turns out that the Bragg peaks are 
sufficiently different from Lorentzians to invalidate 
Dumond's conclusions and that commercially avail- 
able crystals are now sufficiently perfect for us to 
demonstrate narrowing of the Bragg peaks. Such crys- 
tals were not available until after 1960 and detailed 
peak-shape analysis was impracticable before com- 
puters became widely available. 

On the other hand, Dumond concluded, on the 
basis of the Lorentzian approximation, that spec- 
trometer resolution could be improved by undis- 
placed superposition (A0 = 0). Whereas the peak of 
the Lorentzian is 1 and its full width at half unit 
maximum is 2, when subjected to n undisplaced 
multiple reflections the resulting curve R"c(y) has unit 
maximum and a width of 2(2 t/" - 1)1/2; 0.87 for n = 4. 
In practical cases where R(y) is more nearly given 
by (1) the width of R"(y) is almost independent of n 
and has a limiting value of 2, thus showing that 
Dumond's conclusion is spurious, being based on an 
inappropriate approximation. 
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Fig. 1. The 'offset narrowing' concept of Dumond and Kirkpatrick 
for two successive Bragg reflections in the approximation of  zero 
absorption. In typical cases with X-rays or neutrons at 1,~ 
wavelength, y = I corresponds to an angle ofbetween O. 1 and 10". 

Normal absorption 
Fig. 2 compares the calculated reflectivity of silicon 

with the Lorentzian. Curves are also shown for cases 
of multiple parallel superposition when A0 =0. A 
number of features are apparent: because the peak 
reflectivity is close to one, multiple Bragg reflections 
do not have a strong influence on the peak reflectivity. 
The intensity in the tails is, however, drastically 
reduced by multiple Bragg reflections. Whereas the 
Lorentzian narrows significantly, the Bragg peak 
width at half height is hardly changed. For our present 
application it is important to notice that multiple 
Bragg reflections allow control of the peak shape and 
suppression of the tail intensity. 
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Fig. 2. (a) Comparison between the Darwin and Lorentzian peak 

shapes for single and quadruple reflections. (b) Intrinsic R, 
double R 2 4 and quadruple R Bragg reflectivities for the 422 
reflection of Cu K a  radiation from silicon. 
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Multiple reflection offset narrowing 

Each crystal in Fig. 1 could be replaced with a 
multiply Bragg reflecting crystal. Two different 
schemes are possible in principle as Fig. 3 shows, 
though when n = m =  1 they are identical. The 
integrated reflection powers are different in the two 
cases; 

m + n - - I  

R~( AO) = ~-~ H R(y + pAO) dy (3a) 
p=O 

RII(AO) = ~-oc R"(y)Rm(Y + AO) dy. (3b) 

In the zero absorption approximation the type II 
system is simplest to understand. When m and n are 
large enough the composite profile RI~(AO) is rec- 
tangular; the peak reflectivity is unity and the width 
is ( 2 - A 0 )  on the y scale. There are no tails. The 
individual reflection profiles R(y) have unit height 
and width 2 on the y scale. 

By contrast the tails of the type I system are higher. 

Historical perspective 

To the casual observer these new Bragg reflection 
optical systems may appear to be similar to other 
devices which we have described. Indeed they are 
identical! Let us take the type II device in Fig. 3 as 
an example. 

not significantly narrow the reflection profile, contra- 
dicting Dumond's  result based on the consideration 
of Lorentzian shape functions, but do result in the 
elimination of the tails of the Bragg peak. The prin- 
ciple has been widely used in X-ray small-angle scat- 
tering and in X-ray and neutron spectrometers. 

Harmonic-free monochromators 

The harmonic Bragg reflections, which also occur 
roughly at the same Bragg angle but with wavelengths 
A/n, n = 2, 3 , . . .  etc., are narrower than the funda- 
mental. The harmonic reflections have widths 
2F,/n2Fo on the y scale. Thus, no harmonic peak is 

I wider than a of the fundamental width in simple 
crystal structures and an offset A0-->0.25 on the y 
angle scale is sufficient to suppress the harmonics. 
Such harmonic-free monochromators were first 
described by Hart & Rodrigues (1978) and are now 
in routine use at synchrotron radiation sources. 

Tuneable polarizers 

The reflection profile for the "rr state of polarization 
is 21cos 201 y units wide. If the two grooves are offset 
by this angle then they act as a perfect polarizer with 
an angular passband for g-polarized radiation of 
2(1-1cos201). The device works as a neutron 
polarizer too (Hart & Rodrigues, 1979). 

Reflection-curve tail suppression 

Bonse & Hart (1965) first demonstrated that multi- 
ple Bragg reflections in grooved crystals (AO = O) do 

TYPE I 

m reflections 

/ n reflections ~ \ 

Adjustable resolution devices 

Finally, if the offset is increased to 2 ( 1 - A )  the 
angular pass-band becomes 2A, which may be very 
small if high angular resolution is required; the offset 
groove forms the basis of a Bragg reflection spec- 
trometer with adjustable resolution. We present here 
some measurements and calculations of the perform- 
ance of a silicon Bragg reflection spectrometer with 
adjustable resolution. By making two similar devices 
( 'narrowers') and rocking one against the other in the 
non-dispersive setting we demonstrate controlled and 
adjustable Bragg peak narrowing as envisaged by 
Dumond almost fifty years ago. 

TYPE I I  

m reflect ions~l~ AO 

I 

n reflections 

Fig. 3. Multiple reflection systems showing two different offset 
schemes. Note that the offset A0 need not be angular but might 
also be achieved through a change in lattice spacing Ad; for 
example, in synchrotron radiation experiments an offset can be 
achieved accidentally through beam heating. 

Experimental results 

Although the results in Fig. 2(a) are directly appli- 
cable in neutron and y-ray diffractometry when the 
absorption is very low indeed, in the majority of 
experiments with X-rays the absorption is important. 
Nevertheless, a large number of computations lead 
us to believe that the type II systems always result in 
sharper composite profiles than can be obtained in 
type I systems with the same total number of Bragg 
reflections. 

After exhaustive calculations for absorbing crystals 
we concluded that the simplest demonstration of a 
variable resolution diffractometer using readily avail- 
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able crystals would employ the 422 Bragg reflection 
of silicon with copper Ka~ radiation, with m = n = 2 
in a type II system. 

Crystal unit design and calibration 

We emphasize that although the design principles 
are clear in the zero absorption case, in real X-ray 
cases with strong absorption detailed calculations are 
required to determine the optimum number of Bragg 
reflections for a particular application. To achieve 
the necessary long-term stability the offset multiple 
Bragg reflector is cut as an elastically adjustable 
monolithic crystal UNIT (Fig. 4). The offset angles 
required are only up to 10" and that is achieved by 
bending of the leaf-spring region of the crystal under 
the force generated between a fixed permanent mag- 
net and an air-cored electromagnet. By constructing 
two nominally identical complete systems we were 
able to use them on a double-crystal diffractometer 
to explore their intrinsic and variable reflection pro- 
files. 

Before attempting to obtain double-crystal rocking 
curves the single-UNIT magnetically scanned rocking 
curves were measured. So that known offset angles 
could be conveniently calibrated and fixed in later 
experiments, the whole series of measurements was 
automatically controlled and the data stored in a 
microcomputer system (Rodrigues & Siddons, 1979) 
which was connected for display and computational 
purposes to a Hewlett-Packard 9485A calculator and 
plotter. The monolithic crystal systems (UNIT 1 and 
UNIT 2) were designed for use with horizontal 
goniometer axes at synchrotron radiation sources. In 
these experiments we used vertical axes at a conven- 
tional laboratory X-ray source and consequently the 
elastic-spring regions twist under gravity. This tilt 
error was compensated by applying appropriate cou- 
ples with weights attached to the crystal. Fig. 5 shows 
the intrinsic magnetically scanned rocking curves for 
the two UNITS and the corresponding theoretical 
curve which is simply R2*R 2 where * denotes convol- 
ution. Since R 2 is almost rectangular (Fig. 2) we 
expect, and observe, that the convolution is almost 
an isosceles triangle. Notice too that the two Bragg 

, "  "/~Xi'S 2 "  " ,  f spring 

." Axis 1 \ ~ lespring 

Xrays ~ [ ~11 .'e~. I . . . . .  
Magnet 

Crystal UNIT 1 [ ~  Coil 

Fig. 4. Experimental  arrangement showing two crystal U N I T s  set 
up on a two-axis diffractometer. Each uni t  contains four  Bragg 
reflections which are internal ly  adjustable (wi th the coil, magnet 
and spring system) as two pairs of  fixed double Bragg mirrors. 
Including the tilt adjustment between UNITs, the arrangement 
is equivalent to an eight-axis goniometer. 

reflections in each part of the offset monolith are 
already sufficient to suppress noticeably the tails of 
the rocking curve. The absolute peak intensities from 
the two UNITs differ by about 5%, pointing to 
residual strain or inhomogeneities in the two crystals 
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Fig. 5. (a), (b) UNIT rocking curves; intensity as a function of  

coil current for each of the four reflection UNITs using Cu Ka~ 
radiation and 422 Bragg reflections. (c) Theoretical curve R2*R 2 
which is used to determine the relationship between magnet 
current and angle for each UNIT. 
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used and the peak widths differ by about 20% in 
magnet current, reflecting slight constructional differ- 
ences between the two UNITs (different spring 
dimensions, magnet strengths, coil /magnet geometry 
etc.). Comparison with theoretical rocking curves 
(Fig. 5c) allows direct calibration of the magnetic 
drive characteristic in mA per s of arc. 

Since the Bragg angle for the 422 reflection of 
Cu Ka~ is 44.01 °, the diffracted beams are about 97% 
linearly polarized after a single Bragg reflection and 
are completely polarized in multiple-reflection offset- 
crystal systems (Hart & Rodrigues, 1979). At other 
Bragg angles the situation is much more complicated 
but with polarized sources, such as storage rings, only 
one state of polarization would be important. 

Double-crystal measurements 

Having calibrated the magnetic offset scan systems 
for the two crystals UNITs they were mounted, in 
the non-dispersive setting, on a double-axis diffrac- 
tometer. By minimizing the width of the observed 

..e 

8 

6 

4 

2 

0 

-3 -2 -1 0 1 2 sec arc 

( u )  

8 
100 

6 

4 

2 

0 

-3 -2  -1 0 1 2 sec arc 

(b) 
Fig. 6. (a) Measured rocking curves with both UNITs offset to the 

same angle; see text. (b) 100 and 10% offset intensity rocking 
curves normalized to the same peak intensity. 

rocking curves the relative tilt between UNIT 1 and 
UNIT 2 was adjusted to zero. 

Fig. 6 shows the series of symmetric rocking curves 
obtained by offsetting both crystals to the same 
intensity point of their magnetic rocking curves; by 
offsetting UNIT 1 to n% of its peak intensity, UNIT 
2 to n% of its peak intensity and then rocking one 
crystal UNIT against the other. The resultant curve 
is symmetric because it is a self-convolution. The 
width at half-maximum intensity decreases systemati- 
cally as the UNIT offsets increase from 100 to 50, 30, 
20 and 10% of peak (single-UNIT) intensity. Within 
the achievable precision of the experimental adjust- 
ments the peak intensities in the rocking curves are 
in good agreement with calculations. Whereas the 
width at half intensity of R 4 ~Figi 2b) is 2.2", the 
width of the convolution R *R is 3.0" (100% 
intensity, or / t 0 = 0  rocking curve in Fig. 6). For 
triangle functions, to which R 4 closely approximates, 
James (1948) gives the ratio of function width to self 
convolution width as 1.35 which is very close to the 
value 1.36 found here. 

The curve marked 10" in Fig. 6(b) is the rocking 
curve obtained with both UNITs offset to 10% of 
peak intensity, normalized to the same height as the 
zero-offset rocking curve. The achieved narrowing 
from 3.0" full width to only 0.8" can be clearly seen. 
Detailed analysis shows the narrowed peak to be 
symmetric to the limit set by counting statistics; 
between I0 and 100% of peak intensity the mid-chord 
is constant to 0.01", or about 1% of the peak width, 
and 3 of the integrated intensity lies in that range. 

Applications 
In optical spectroscopy with prisms or diffraction 
gratings one commonly controls resolution by adjust- 
ing the width of a convenient slit. Such control now 
becomes feasible in systems which use Bragg reflect- 
ing crystals as dispersion elements and in such sys- 
tems remote electrical control as provided by our 
magnetically adjusted elastic systems is very con- 
venient. There are other ways in which Bragg-peak 
narrowing can be achieved but are not of general 
utility in spectroscopy and diffractometry. 

Apart from the method described here the 
Borrmann effect, oblique Bragg reflections and Pen- 
delli~sung fringes have been used to create angularly 
narrow diffraction probes. Authier (1961) first used 
the Borrmann effect as a means of controlling ray 
divergence in propagation experiments. Partial 
polarization is also achieved (Cole, Chambers & 
Wood, 1961) but the efficiency is so low that the 
method is not of general use and, in any case, can 
only be used with spatially narrow beams. Pendelo 
lrsung fringes have also been used to increase the 
local gradients in rocking curves and thereby to 
increase angular sensitivity (Cusatis, Hart & Siddons, 
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1982) but again this method is not practicable for 
general spectroscopic use since the signal-to-noise 
ratio would be very poor. The third method which 
seeks to control the Bragg width by oblique Bragg 
reflections has been widely used (Renninger, 1961, 
1967; Kikuta & Kohra, 1970; Kikuta, 1971; Mat- 
sushita, Kikuta & Kohra, 1971; Hashizumi & Kohra, 
1971 ; Bonse & Graeff, 1973 ; Kohra, 1972). Kohra & 
Kikuta (1968) summarize fairly completely the rel- 
evant literature so that not all references need be 
mentioned here. In essence, cutting the surface of a 
crystal at angle a to the Bragg planes reduces the 
range of Bragg reflection by a factor b ~/2, where 

Io b = sin (0 - a) /s in (0 - a). Oblique incidence at ~ to 
the surface yields a narrowing factor of ten at a Bragg 
angle 0 =60 ° but such small glancing angles are 
difficult to achieve, result in specular external reflec- 
tion and, by definition, do not permit the tuneability 
necessary for spectroscopy. However, it would appear 
to be possible to achieve large narrowing factors by 
combining this method and the present one. For 
example, Kikuta (1971) achieved b = 573 and we 
demonstrate herein a further factor of four so that 
the total narrowing in a combined device could be 
4b I/2= 100 with the 422 reflection from silicon. Since 
the energy resolution of a single-crystal Bragg spec- 
trometer based on the 422 Bragg reflection is 1.4 × 
10 -6 (Beaumont & Hart, 1974), the energy resolution 
of an oblique-offset multiple-reflection Bragg spec- 
trometer would then be 1.4 × 10-8; quite adequate for 
many experiments which have been proposed using 
synchrotron radiation sources, for example, the 
measurement of inelastic X-ray scattering due to 

phonons. The construction has the added advantage 
that setting up could be done in the low-resolution 
mode with high intensity and the resolution would 
be varied to suit the problem in hand. 
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Abstract 

It has been commonly admitted that the theories of 
X-ray propagation in distorted crystals based on the 
principles of geometrical optics [Penning & Polder 
(1961). Philips Res. Rep. 16, 419--440; Kato (1963). 
J. Phys. Soc. Jpn, 18, 1785-1791; Kato (1964). J. 
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Phys. Soc. Jpn, 19, 67-71, 971-985] were applicable 
only in the transmission (Laue) case. It is demon- 
strated in this paper that they can be applied more 
generally in all cases where beams can be defined, 
i.e. also in the Bragg case outside the total reflection 
range. Simple formulae for the case of a constant 
strain gradient in symmetric Bragg geometry are 
derived from a general formulation of the basic 
equation of geometrical theory using a new universal 
parameter a. They are verified by solving Takagi's 

0108-7673/84/050507-08501.50 O 1984 International Union of Crystallography 


